A local analysis of the flow of power law fluids near corners is performed. The equation for the stream function is shown to allow separated solutions in plane polar coordinates. The radial behavior is shown to be algebraic and results are given for the exponent for different values of corner angle and power law exponent. In addition, the critical angle for the onset of an eddy structure is found as function of the power law exponent.
INTRODUCTION
We consider the local plane creeping two-dimensional flow near two plane boundaries meeting at an angle ICY at a sharp corner as shown in Figure 1 . The velocity vanishes on both boundaries. The flow near the corner is induced by some motion far from the corner. The equation for the stream function was shown by Dean and Montagnon' to have separated solutions of the form 9 = r"f(tV (1) for Newtonian fluids. When the angle 2a is smaller than a critical value ~cx,, the exponent h is complex, and the flow near the corner was shown by Moffatt to consist of an infinite sequence of eddies.' An asymptotic solution for the steady flow near a stationary contact line at a plane boundary for two immiscible incompressible Newtonian liquids was presented recently by Proudman and Asadullah.3 In a related development, Hutchinson analyzed the singular behavior at the end of a tensile crack in a hardening material. 
ANALYSIS
The analysis applies to incompressible generalized Newtonian fluids, that is fluids for which the stress tensor 7 is given by
surface (cl (Fig. 1 continued) where the rate-of-strain tensor is
The viscosity function n in Eq. (2) is a function of the scalar invariants of +. It is customary to consider only the magnitude of i, which we define as It is assumed also that the viscosity function (at least at the conditions near the corner) is described by a power law
where m and n are the power law parameters. The neglect of dependence of n on tr i, is legitimate since tr i/ = 0 for incompressible flow. Furthermore, the neglect of dependence on det i, is legitimate since det Jo = 0 for plane flow. We assume that the flow near the corner is locally a plane flow, not only for those flow situations that are plane flow globally, but also for those flow situations that are axisymmetric globally. We define components of the fluid velocity in plane polar coordinates u,(r, 13) and v&r, 13) related to the stream function $(r, 0) as follows (6) Then we assume that the stream function for the flow near the corner may be expanded in a series of the following form $(r, 0) = kTl R4AkrAkfk(~)> (8) where ho < Re{h,} < Re{h,} *. s
Here A, = A,(n) (= 1 for Newtonian fluids) is determined by the following three restrictions: (i) The inertial forces must be negligible compared with the viscous forces. The order of magnitude of the inertial acceleration is O(v . Vv) = (rzAm3), while the order of magnitude of the viscous forces is O(V * T) = (rn(h-2i-1). Hence the inertial terms become negligible for suftkiently small r provided
For n = 1 this gives A > 0 in agreement with the condition of Moffatt.' (ii) In addition, the rate of energy dissipation must be finite over a small volume of fluid near the corner. The order of the energy dissipation is O(T:VV) = (r'nc11'A-2'). Hence for the integral J (7: Vv)r drd0 to exist we must require 2n A>---n+l (11) in agreement with Hutchinson.* This condition also ensures the integrability of the variational integral for the generalized Newtonian fluid." (iii) Finally, we must require that the pressure or any other part of the stress imparts a finite force on the corner. The order of magnitude of the pressure is O(p) = W'*-2J). Hence for the integral Spdrdz to exist we must require (12) We note that there is a logical distinction between the first condition (which insures that the solution is asymptotically correct as r + 0) and the two latter conditions (which are postulated on physical grounds). Nonetheless the conditions are combined to h,(n) in Figure 2 .
To arrive at a local analysis we introduce the expression for the velocity components in Eqs. (6) According to Eq. (9), the terms associated with A, alone will dominate when r + 0. Therefore, in a local analysis we drop all terms except those that arise from A, alone. The result for the magnitude of the rate-of-strain tensor is
Here and in the following we let Al = A, A, = A and f,(e) = fi The following explicit expressions for the non-zero stress components r,,, 7go, and 7rB are obtained from Eqs. (2) and (3) formulated in component form in plane polar coordinates 
We now consider the question of boundary conditions for the equation in (17) 
At the boundary between real and complex values of A the Jacobian determinant G,(y) = det(dF,/a3c,) is 0, so the system of nonlinear equations for the bifurcation curve is given by
G,(Y) = 0 Equation (28) is solved in the same way as described for Eq. (25) for different values of (Y where the first bifurcation point is taken from Moffatt' for n = 1. To perform the Newton iteration the partial derivatives a2F, /axj axk, i, j, k = 1,2 are needed. They are found analytically and integrated with f, f ', f", f "I, and aFi/dxj, i,j = 1,2.
FINITE-ELEMENT SOLUTIONS
To obtain an independent check on the procedure, a number of finite-element calculations of the flow near sharp corners were performed. The calculations were performed with a program based on the known", l2 variational principle for generalized Newtonian fluids.
Essential boundary conditions may be imposed on some or all of the closed boundary conditions around the flow domain. Where essential boundary conditions are not imposed, the natural boundary conditions are zero traction conditions. The flow domain is divided into triangles, and the velocity field is discretized with 6-node piecewise quadratic shape functions, and the pressure with three-node piecewise linear shape functions.i3
Let a fixed polar angle 0 define a 'direction' away from the corner with 8 = 0 along the bisector of the angle. Consider two points (rl, 0) and (r2, 0) on the same direction, and let u,(l) and v,(2) be the radial velocity components at the two points. It then follows that if the velocity field is of the form implied by Eq. (4), then A, will be given by RESULTS FOR EXTERIOR FLOW DOMAINS (a > n/2). Figure 2 and Table I show the values of A1 obtained by the corner analysis for LY > rr/2. Note that when hi < 2, the velocity gradients and stresses are infinite at the corner, and when X1 > 2 the velocity gradients and stresses are zero at the corner. It follows that the stresses are infinite in antisymmetric flow past any corner of total opening angle 2a > n, irrespective of the value of the power law exponent. For symmetric flow we see that the corner stresses are zero when (Y 5 14rr/20 and infinite when cx 2 l&7/20. It should be noted also that none of the computed eigenvalues violate the lower bound obtained on physical grounds. Finally, we note that for a = 7~ we found approximately the same eigenvalues for symmetric and antisymmetric flow. Y'he last digits are only approximate. (The precision of the results was found by varying the step size (l/10) in the Runge-Kutta integration and then examining how many digits in h, were unchanged.) For all OL < 7~ the eigenvalue in antisymmetrical flow is smaller than the eigenvalue in symmetrical flow. This means that any combination of symmetrical and antisymmetrical boundary conditions will result in pure antisymmetrical flow near the corner, To illustrate this statement we performed a finite-element solution of combined symmetrical and antisymmetrical flow past a reentrant corner with LY = 15~~/20. The mesh has a total of 2000 degrees of freedom, and the size of the smallest elements next to the corner is 10M3 x 10e3 compared to the overall dimension of 1. The finite-element solution does indeed show pure antisymmetrical flow next to the corner with a Ai value that agrees with that determined from the local analysis within 1%. Close to the corner the finite-element solution is inaccurate due to the singularity, while far from the corner there will be a limitation on the local analysis.
The finite-element method may be used to investigate qualitatively the nature of the second eigenfunction as follows. Along any fixed direction e away from the corner, the velocity vector based on the dominating eigenfunction fi will have a fixed direction, a(e) say. Hence, if in the same direction 8, we consider the velocity component perpendicular to a(e), we get contributions that are dominated not by fi and A, but by f2 and AZ.' We illustrate this for the combined flow around a corner with (Y = 31~14 in Table II . Here the contribution from the dominating antisymmetric flow to (u, -vY) vanishes along the line (0 = 0). We see that for n = 1 we pick up the eigenvalue for symmetric flow in the same geometry. This is in agreement with the principle of combination of solutions for a linear equation. For the nonlinear equation when n # 1 the finite-element solutions clearly point at a second eigenfunction with algebraic behavior in the radial direction. The eigenvalue for this second eigenfunction, however, is not the same one that is found in pure symmetrical flow in the same geometry.
Hutchinson found that A, was determined "within one tenth of one percent by the simple formula A, = (2rz + l)/(n + 1)" at cr = 20~/20. Since we have determined the precision of our results (by varying the stepsize in the Runge-Kutta integration routine), it was possible to get a validation of the formula. Based on this comparison we guess that Hutchinson's formula is, in fact, exact and not approximate, but we have not been able to prove this.
Figures 3-6 show a number of streamlines for symmetrical and antisymmetrical flow. The streamlines in symmetrical flow can be shown to be nearly independent of n, while the stream- lines for antisymmetrical flow do depend significantly on n. Note that the "spreading of the streamlines implied by the retardation as the corner is approached' found by Moffatt' is not seen. Quite to the contrary the point of closest approach is located at a = 0.
We note from Figure 5 that no dividing streamline emanates from the corner. Correspondingly we have checked that there is 
RESULTS FOR INTERIOR FLOW DOMAINS (a < m/2)
For LY < 7r/2 there is the possibility of bifurcation of the solution. The critical corner angle for bifurcation is shown in Figure 7 for both symmetrical and antisymmetrical flow. The critical corner angle for antisymmetrical flow agrees with the result of Fenner.' Also in Figure 8 we show values of A, for selected angles close to the critical angle together with AI at the critical angle. For n = 1, the nature of the solution may be investigated also for (\I < (Y, and is known to consist of an infinite sequence of eddies. We have not analyzed the structure of the solution for (Y < (Y,, however we expect that it will describe an infinite sequence of eddies also for n # 1. We see, moreover, from Figure 8(b) that the value of AI at the critical angle becomes very large for small values of n. A large value of A, means that the velocity increases very slowly from zero. We expect, therefore, that power law fluids in interior corners will be practically motionless for n 6 1. While a corner analysis indicates the existence of a sequence of eddies these may be practically impossible to pick up in a finite element simulation. '4 
